Abstract: We present a derivation of the chiral ring relations, arising in N = 1 gauge theories in the presence of (anti-)self-dual background gravitational field G αβγ and graviphoton field strength F αβ . These were previously considered in the literature in order to prove the relation between gravitational F-terms in the gauge theory and coefficients of the topological expansion of the related matrix integral. We consider the spontaneous breaking of N = 2 to N = 1 supergravity coupled to vector-and hyper-multiplets, and take a rigid limit which keeps a non-trivial G αβγ and F αβ with a finite supersymmetry breaking scale. We derive the resulting effective, global, N = 1 theory and show that the chiral ring relations are just a consequence of the standard N = 2 supergravity Bianchi identities . We can also obtain models with matter in different representations and in particular quiver theories. We also show that, in the presence of non-trivial F αβ , consistency of the Konishi-anomaly loop equations with the chiral ring relations, demands that the gauge kinetic function and the superpotential, a priori unrelated for an N = 1 theory, should be derived from a prepotential, indicating an underlying N = 2 structure.
Introduction
In the last year there has been a considerable progress in computing glueball superpotentials in N = 1 Super Yang-Mills (SYM) theories, as a result of the discovery made in [1] that such computations can be efficiently organized by a matrix model integral. Whereas the leading planar term of the latter is related to ordinary F-terms in the gauge theory, higher genus contributions in the topological expansion of the matrix model capture certain generalized gravitational F-terms, originally studied in the context of type II string theories on Calabi-Yau manifolds [2, 3] . In particular, the genus 1 term computes an F-term involving the gravitational background G αβγ to which the gauge theory couples. The non-trivial gravitational background is responsible for a deformation of the basic chiral ring relation among the gauginos of the N = 1 SYM theory, as can be seen by starting from the Bianchi identities of N = 1 supergravity coupled to super Yang-Mills. This fact plays a crucial role in the proof of the identification of the superpotential term proportional to G 2 with the leading non-planar term in the matrix model integral.
As for the g > 1 terms however, the generalized superpotentials necessarily involve the graviphoton field strength F αβ and therefore cannot be understood within the framework of N = 1 supergravity and the related tensor calculus. In [4, 5] it has been proposed, with string theoretic motivations, that the basic chiral ring relation, stating the Grassmann nature of the gluino superfield W α , is deformed by the presence of a non-trivial graviphoton field strength, whereas superspace coordinates are unaffected. A different viewpoint has been taken in [6, 7] , where instead the Grassmann nature of the superspace coordinates is deformed.
The aim of this paper is to reconsider the above issue. In [8] we have shown that the chiral ring relations one obtains for gauge invariant fields from the deformed chiral ring relation {W α , W β } = F αβ +2G αβγ W γ , can be obtained from the Bianchi identities of N = 2 supergravity coupled to abelian vector multiplets and spontaneously broken by fluxes, in accordance with the open string (gauge theory)/closed string duality.
We would like to follow the same strategy on the super Yang-Mills side (we will discuss also the possibility that this picture may arise from wrapped D5-branes effective action). The idea here is to start from N = 2 supergravity coupled to vector multiplets in the adjoint representation of a gauge group, that will be taken to be U(N) (we will consider afterwards also hypermultiplets in the fundamental of U(N)), break it spontaneously to N = 1, following the procedure in [9, 10] of gauging two commuting translation isometries of the hypermultiplet quaternionic manifold SO(4, 1)/SO (4) , and then take a scaling limit that decouples the quantum gravitational sector and hypermultiplet sector, while keeping a non trivial background for F αβ and G αβγ . This involves taking the Planck mass m P to infinity, with finite supersymmetry braking scale Λ and scaling consistently the various fields. The resulting theory is an effective N = 1 U(N) gauge theory with a non trivial superpotential for the adjoint chiral superfield Φ, coupled to the gravitational background of F and G.
Then, starting from the Bianchi identities of N = 2 supergravity [11] and expanding around the chosen vacuum we will derive precisely the chiral ring relation mentioned in the previous paragraph. However, before claiming that we have obtained the super Yang-Mills theory considered in [1] , we have to settle two issues: the first is that, since our N = 1 SYM theory comes from a spontaneously broken N = 2 theory, a non-trivial superpotential for Φ implies also a non-trivial, Φ-dependent gauge function, which is related to the superpotential in a specific way, since both are obtained from a prepotential. The second problem is that the N = 2 Bianchi identities that
give the wanted chiral ring relation, also give a relation of the form [W α , Φ] ∼ F αβ W β ,
i.e. W and Φ do not commute in the ring.
Quite remarkably, the two problems cure each other: Φ can be redefined by an appropriate shift proportional to W 2 in such a way that it commutes with W . Then, after performing the same shift in the effective action, i.e. in the superpotential and in the gauge function, one can show that all the non-trivial Φ and Λ dependence in the latter cancels in the chiral ring, therefore leaving us with precisely the SYM theory considered in [1] .
We should stress here an important result of our analysis: in presence of a nontrivial F αβ , consistency of the loop equations with the chiral ring relations, demands that the gauge function, a priori arbitrary for an N = 1 super Yang-Mills theory, must be the one given by N = 2 supersymmetry. We regard this fact as a strong indication that our interpretation in terms of spontaneously broken N = 2 supergravity is the correct one.
Finally, of course, the underlying N = 2 structure also implies that the adjoint scalar superfield comes with a non-trivial kinetic Kähler potential, which gives rise to additional non-renormalizable interactions. However, from the point of view of N = 1 super Yang-Mills, this is a D-term and therefore is not expected to modify the loop equations in the chiral ring coming from the generalized Konishi anomaly.
The above strategy can be extended to include the case of matter in the (anti-)fundamental representation of the gauge group [12] . To cover this case one has to add to the previous case hypermultiplets. We start with hypermultiplets parametrizing the quaternionic manifold U(2, N + 1)/U(2) × U(N + 1) and vector multiplets in the U(1) × U(N) and gauge appropriately the hypermultiplets [13] to achieve supersymmetry breaking and U(N)-charged fundamental hypermultiplets. In this way one gets, after decoupling, an effective N = 1 super Yang-Mills theory with a trilinear coupling of Φ to chiral superfields in the N andN. Again, considering the Bianchi identities involving hypermultiplets, one can show that the chiral ring relations involving fundamentals are unmodified by the non trivial gravitational background. Other gauge groups and matter representations can also be incorporated in the discussion. In particular, quiver theories can also be obtained in this
way.
An obvious question finally arises, as to whether the above picture can be given a D-brane interpretation. In the closed/open string duality of [14] , we are dealing, in the open string side, with D5-branes wrapped on two-cycles inside certain non-compact Calabi-Yau manifolds. We have seen, in the field theoretic discussion, that what triggers partial supersymmetry breaking is the gauging of two translation isometries in the hypermultiplet's manifold. That is, more precisely, certain scalars in hypermultiplets are charged under the graviphoton U(1) and the "center of mass"
Whereas the former is a bulk field, it is natural to identify the latter with the center of mass degree of freedom of the D5-branes. In fact one can show that there is the correct coupling of the center of mass U(1) with hypermultiplets from the closed string sector (this was also noticed in [15] ). However, due to the non-compactness of the Calabi-Yau manifold, the issue of whether there is a gauging by the graviphoton is not clear.
The paper is organized as follows: in section 2 we review the gauging formalism in N = 2 supergravity coupled to vector-and hyper-multiplets and discuss the gauging, which gives rise to partial supersymmetry breaking, in the case where only U(N) vector multiplets are charged, after taking the rigid limit m P → ∞. In section 3 we also explicitly write down the resulting N = 1 effective action. In section 4
we include hypermultiplets valued in the U(2, N + 1)/U(2) × U(N + 1) quaternionic manifold, discuss their gauging, and the resulting supersymmetry breaking pattern.
We show that in the rigid limit we obtain the coupling of N andN chiral multiplets to the adjoint multiplet Φ and to the gauge multiplet W . In section 5 we derive the chiral ring relations from the solution of the Bianchi identities of N = 2 supergravity of [11] after expanding around the vacuum which partially breaks supersymmetry.
In section 6 we discuss the generalized Konishi anomaly equations and show that, in the presence of F αβ , consistency demands that the gauge function and the superpotential should both be derived from a prepotential, indicating an underlying N = 2 structure.
In appendix A we explain the conventions and notation we follow for the hypermultiplets, while in appendix B we prove that after the field redefinition for Φ the gauge function become trivial in the chiral ring.
N = 2 gravity, gaugings and the rigid limit
In this section we provide the details of the N = 2 supergravity coupled with U(N)
vector multiplets, the gaugings of the vector multiplet manifold and the scalings of the fields with the Planck mass to obtain N = 1 theory in the rigid limit. The details of the N = 2 supergravity action along with the gaugings of the matter fields were developed in a series of works by various authors [16, 17, 18, 19, 20] , for the purposes of this paper we use the Lagrangian and the conventions of [11] . Partial breaking of N = 2 to N = 1 requires gauging a minimal hypermultiplet manifold by the U(1)
corresponding to the graviphoton and the overall U(1) [9] . For concreteness we take the minimal hypermultiplet manifold to be SO(4, 1)/SO(4). The theory we discuss below is the generalization of the one studied by [10] for the case of a U(1) vector multiplet. We obtain the rigid limit by scaling the Planck mass to infinity in such a way so as to retain a non dynamical supergravity background. This method provides a natural way to derive the couplings of the background N = 2 supergravity fields to the matter of the N = 1 theory after spontaneous breaking of supersymmetry.
Field content
N = 2 supergravity consists of the gravity multiplet and the matter multiplets. The gravity multiplet contains the graviton, two gravitinos ψ A µ , with A = 1, 2 and a U(1) gauge field called the graviphoton. The matter multiplets are of two types, the vector multiplets and the hypermultiplets. We provide the details of this sector below.
Vector multiplets
The scalars of the U(N) vector multiplets parametrize a 2N 2 dimensional special Kähler manifold which is specified by following holomorphic section.
1)
Here the z's are complex coordinates with indices i, j which take values from 1, . . . , (n − 1), while a, b take values from 1, . . . , n and n = N 2 , the number of generators of U(N). The i, j indices parametrize the SU(N) directions while the n index refers to the overall U(1) of U(N). We normalize the Killing metric of SU(N) such that Tr(T i T j ) = δ ij , where T i stands for N × N Hermitian matrices which generate SU(N). The last holomorphic section in (2.1) is necessary to make the structure group of the N = 2 theory U(N). The action of the group U(N) on the coordinates z a is given by
where I is the identity matrix. f (z) is any function which is invariant under the action of U(N) on the coordinates z. N = 2 supersymmetry restricts the scalar manifold to be special Kähler, therefore these sections must satisfy
here Λ = 0, . . . n. It is easy to verify from the ansätz for the holomorphic symplectic sections given in (2.1), the above condition is obeyed. The Kähler potential is given
from which the the metric on the manifold is constructed by g ab * = ∂ a ∂ b * K.
We now discuss the gauging of the vector multiplet manifold. To perform the gauging we need to construct the Killing vectors of the manifold. From the construction of the symplectic sections in (2.1) and the adjoint action of U(N) on the coordinates z a given in (2.2), we see that the following are the N 2 − 1 killing vectors corresponding to the SU(N) subgroup of U(N).
5)
Here f c ab are the structure constants satisfying 6) note that the killing vector satisfies the following commutation relation
N = 2 supersymmetry requires that the symplectic sections transform in the adjoint representation of U(N), this is seen from the following equations
These equation ensures that the following constraints are satisfied
The prepotential functions which generate these Killing vectors
Given this definition of the prepotential functions, and using (2.7) and the fact that the Kähler two form is closed, one can show
This concludes our discussion of the vector multiplets. The above informations are sufficient to write down the explicit Lagrangian, which is given in [11] .
Hyper multiplets
For partial breaking of N = 2 supersymmetry it is necessary that that that the vectors are coupled to at least one hypermultiplet [9] . The reason for this is that when N = 2 is broken to N = 1 the massive gravitino is part of a massive spin 3/2 multiplet which contains two massive spin one fields. Thus the U(1), corresponding to the graviphoton, and the overall U(1) should become massive by Higgs mechanism.
As the scalars of the vectors are in the adjoint representation, there must be at least two scalars from the hypermultiplet sector which are eaten up by two U(1)'s. Thus we have the condition that there must be at least one hypermultiplet and at least two U(1) translational isometries of the hypermultiplet manifold which provide the Higgs mechanism. To be specific about the hypermultiplet manifold, we choose to work with the minimal model, which has a single hypermultiplet parametrizing the coset SO(4, 1)/SO(4) 1 using coordinates b u , u = 0, 1, 2, 3. As SO(4, 1)/SO (4) is Euclidean AdS 4 the metric on this quaternionic manifold can be chosen to b h uv = (
We choose the SU(2) connection ω x on the quaternionic manifold as
where x = 1, 2, 3. The quaternionic potentials is given by the field strength of the SU(2) connections, they are given by
)
To gauge the hypermultiplet manifold we need to introduce the corresponding Killing vectors. We choose to gauge the hypermultiplet manifold by two translations corresponding to the U(1) of the graviphoton and the overall U(1) of the structure group U(N). The Killing vectors and the triplet of prepotentials P x Λ generating them, are given as follows
14)
It is easy to check that the prepotentials and the Killing vectors satisfy the Poisson bracket condition for abelian gauge groups, given by
To summarize, we have the following field content, N = 2 gravity multiplet, N = 2 vector multiplet gauged under the group U(N) and a hypermuliplet charged under the U(1) corresponding to the graviphoton and the overall U(1) of U(N). For future reference we write down the general form for the scalar potential which arises due to the gaugings of the vector multiplet manifold and the hypermultiplet manifold
Note that every term in the scalar potential depends either on the moment maps or the Killing vectors.
Planck mass scalings
To obtain the rigid limit we need to take the Planck mass m p to infinity. In this section we detail the Planck mass scalings of all the quantities involved in the N = 2 action, so that we can obtain the effective field theory in rigid limit. The fields and the coordinates of the N = 2 supergravity action as written in [11] are all dimensionless. To restore the canonical dimensions of the coordinates they are scaled as x µ → m p x µ , while the supersymmetry parameter or the superspace coordinate is scaled as ǫ A → √ m p ǫ A . We follow a similar procedure for all the quantities in the Lagrangian. First we discuss the scalings involved in the geometry, for the function f in (2.1), following [10] we assume the following scaling form
here the scale Λ will be shown to be the supersymmetry breaking scale subsequently, φ is an U(N) invariant function of z i . Note that the linear term is a function only of z n . The sections X i and F i are scaled as
With these scalings for the holomorphic sections and f given by (2.17) we write down the scaling form of the following geometric quantities, which will be repeatedly used in our analysis
Note that the scaling behaviour of ∂ i K and the Kähler metric is consistent with equation (2.11) relating the Killing vectors to the prepotential. The couplings of the hypermultiplet to the U(1)'s are scaled as follows
We now go over to discuss the scalings of the fields. We scale the N = 2 gravity fields so as to retain a non-dynamical gravity background while the gravity fluctuations are scaled so that they decouple from the matter sector in the m p → ∞ limit. Thus the resulting theory has only global supersymmetry, but it is coupled to the N = 2 gravity backgrounds. The fields of the gravity multiplet scale as
Here V a µ stands for the vielbein, T µν refers to the graviphoton field strength and Ψ Aµ refer to the two gravitinos of the N = 2 gravity multiplet. Note that the ratio of the fluctuations to the background is suppressed by 1/m p . As a simple example for the decoupling of the matter sector from the fluctuations of the supergravity field, consider a minimally coupled scalar whose kinetic term is canonically normalized. It is easy to see then that the interaction with the fluctuation of the metric is down by a factor of 1/m 2 p . In the matter sector, the vector multiplets scale as
where G a µν is the gauge field strength and λ a A are the two gauginos. These scalings ensure that the kinetic terms for the gauginos and for the gauge fields are canonically normalized. We do have to scale also the scalars of the vector multiplets by z → z/Λ, in order to canonically normalize their kinetic term, however for convenience we will reserve this for section 2.4. However there are terms in the Lagrangian which couple the gravitational backgrounds of (2.21) to the matter sector and survive the m p → ∞ limit. Though we will not keep track of these terms explicitly, we will incorporate them in the analysis of chiral ring equations in section 5.
Finally the hypermultiplets scalings are given by
Note that the couplings of the hypermultiplets to the vectors is dictated by the charges which are scaled as in (2.20) . This and the above scaling for the hypermul- 3. Partial breaking of N = 2 in the rigid limit
In this section we look for vacua with N = 1 supersymmetry in the rigid limit.
In the rigid limit since fluctuations of the graviton and the hyperino decouple it is sufficient to study the supersymmetry transformation of the gauginos and look for vacua which preserve a single supersymmetry. As we mentioned before we will To analyze the supersymmetry of the vacuum we study the gaugino shifts which are given by
There are other terms in the supersymmetric variation of the gauginos which represent the dots. But the terms explicitly written down in (3.1) are alway present irrespective of which gravitational backgrounds are turned on, therefore they dictate the number of supersymmetry preserved at various vacua. Substituting the scalings of all the fields in the above expression we obtain
where in b (0) we have suppressed the superscript to indicate the background and we have defined
Now it is easy to see that we have a vacuum with N = 1 supersymmetry. Consider the following vacuum values
For these values of the scalar field the shifts on the gauginos reduce to
From this it is clear for the vacuum (3.4) there is one unbroken supersymmetry as the shift on the gaugino λ An has one zero eigen value. Also note that the scale of the supersymmetry breaking is controlled by Λ. Due to the gauging of the hypermultiplet manifold and the vector multiplet manifold, there is a potential for the scalars of the vector multiplet which is given by (2.16). The leading term in the potential which will contribute in the m p → ∞ limit is given by
The m p dependence in the scalar potential cancel in the Lagrangian as the coordinate
x is scaled to x → m p x. The first term in the scalar potential arises from the first term of (2.16), it corresponds to the scalar potential arising due to the D-term of a rigid N = 1 theory. The second and third terms of (3.6) are due to the coupling of the vectormultiplet manifold to the gaugings of the hypermultiplet manifold. These terms are obtained by substituting the apropriate scalings in the third term of the potential in (2.16). The constant contribution to the scalar potential in (3.6) in obtained from the rigid limit of the second and the last term of (2.16). It is also easy to see that the the vacuum (3.4) is the minimum of the above scalar potential. The minimum value of the potential is infact not zero but is given by
thus it is clear that the vacuum (3.4) does not preserve N = 1 supersymmetry in the fluctuations of the gravitational sector which are decoupled. However the gravitational backgrounds do transform into each other under the full N = 2 supersymmetry transformations. This is because the constants shifts of the gravitinos are suppressed with respect to the variation of the backgrounds by 1/m p , which is the same ratio of scales between the background and the fluctuations. In the subsequent discussion, as we will be interested in the rigid limit we will, neglect the zero point energy (3.7)
and will set the background moduli b 0 = 1.
Structure of the theory about the N = 1 vacuum
To study the structure of the low energy theory which is obtained at the N = 1 vacuum we will first evaluate the mass matrices for the fermions and show that half 
The N = 1 vacuum preserves the U(N) gauge symmetry thus the expectation valued < z i >= 0, which enables us to drop the first term in (3.8). To evaluate the second term in the mass matrix we need the Christoffel symbols of the vector multiplet manifold at the N = 1 vacuum to the leading order in Λ/m p . Using the scaling in (2.19), the non vanishing Christoffel symbols to the leading order in Λ/m p are
Substituting this and using the scaling of (2.17) and (2.20) we obtain
The m p scaling of the fermion mass is such that the mass term M aAbBλ aA λ bB scales like Λ/m 4 p , which is the right scaling so that it survives in the m p → ∞ limit. The fermion mass is proportional to Λ, the supersymmetry breaking scale as expected. Now it is easy to see that this mass matrix has N 2 zero eigenvalues, the corresponding gauginos being members of the N = 1 gauge multiplets. The N 2 non-zero eigenvalues, give mass proportional to ∂ a ∂ b ∂ n φ to the fermions which are part of the N = 1 chiral multiplets. Thus from (3.10) we see that the fermions λ i1 are the gauginos and λ i2 are the fermions of the chiral multiplets which become massive.
The structure of the N = 1 theory will be dictated by the superpotential for the chiral multiplets and the gauge function. Since the N = 1 theory is obtained by spontaneously breaking N = 2 the gauge function and the superpotential are closely related, both of them are derived from a prepotential. We will see how this happens for the theory we are discussing at the N = 1 vacuum. We organize the expansion of the scalar potential in (3.6) around the the vacuum in (3.4) using the following form for the expansion of the gauge function
This parametrization of τ in and τ nn can always be done because of its definition (3.3)
with W = ∂ n F . Substituting this form into the expression for the scalar potential in (3.6) we obtain
Before we go ahead we will fix the factor g that appears in the scalar potential. From [11] we see that covariant derivatives of the scalar fields z are given by
Here we have expressed the field A Λ in terms of the gauge fields A i and the graviphoton which are represented by the dots. In writing this equality we have ignored the contribution to the covariant derivative from the graviphoton as the first term is sufficient to fix the factor g. The second equation in (3.13) is obtained by substituting the required scalings, now it is clear that g = √ 2 is a convenient choice so that we obtain the standard commutator term without extra factors.
We now detail the structure of the N = 1 theory. From the scalar potential we see that the N = 1 theory has a superpotential mW, a nontrivial gauge function τ and a nontrivial Kähler term with a non trivial metric for the scalars also given by τ . To arrive at the N = 1 theory with a polynomial superpotential we choose the following prepotential.
Here z refers to the N × N matrix given by z =
We have chosen the prepotential so that it satisfies the condition that, at z a = 0, one has the required vacuum values as in (3.4) . Thus from comparison of the expansion in (3.11) and the scalar potential in (3.12) the superpotential is given by
In the second equality we have absorbed a factor of √ N by the redefinition m = m √ N for convenience. The gauge kinetic function is given by
Again from the expansion of the scalar potential we see that the Kähler metric for the scalars is given by τ 2ij /2
Finally, before writing the resulting action in superspace we will restore the canonical dimension of the scalar field z by scaling z → z/Λ and as a result given dimensions to the couplings in the superpotential. To extract the canonical dimension of the superpotential, one scales W → W/Λ 3 . Doing this would require the scaling of the couplings g k → Λ k−2 g k , this ensures that that the scaled superpotential is given by (3.15) with the understanding that the field z and the couplings have the appropriate dimensions. However, the gauge kinetic function contains one more derivative with respect to z, and therefore performing the same scaling of z and the couplings in the gauge kinetic function we obtain the following scaling forms
Note that if one is interested in the dynamics of the theory at scales much smaller that the supersymmetry breaking scale Λ we obtain a N = 1 theory with a trivial gauge kinetic function and a trivial Kähler metric for the scalars leading to theory discussed in [1] . We summarize the N = 1 theory obtained from partial breaking of N = 2 in superspace.
Here the Kähler potential is of dimension 2 and we have used the scaled z and the scaled couplings. This is the non-Abelian generalization of the N = 1 model obtained by [21] for partial breaking in rigid N = 2 theories.
Partial breaking with hypermultiplets in the rigid limit
As we have seen in the previous section we need at least one hypermultiplet in the hidden sector in order to break N = 2 supergravity. The low energy theory in the rigid limit was N = 1 with an adjoint chiral multiplet. In this section we would like to generalize the discussions of the previous section to obtain chiral multiplets charged in the fundamental representation of the gauge group in the rigid limit of spontaneously broken N = 2 supergravity. We will discuss the case of obtaining chiral multiplets charged in the fundamental of U(N) in detail and then outline the case for other representations.
We discuss the field content and the gaugings necessary in detail. We start with a n + 1 dimensional special Kähler manifold for the vector multiplet. The holomorphic sections on this manifold is given by
Note that, other than for the inclusion of an additional coordinate, this holomorphic To obtain matter in the fundamental representation of U(N) it is convenient to take the hypermultiplet manifold to be the following homogeneous, symmetric,
This manifold has dimension 4(N + 1). Indeed we need one additional hypermultiplet to play the role of SO(4, 1)/SO(4) of the previous section. this is the minimal requirement for spontaneous breaking of N = 2 supergravity, however here the hypermultiplet is non-trivially embedded in M. We parametrize this coset manifold using the following (3 + N) × (3 + N) matrix
here q is a 2 × (N + 1) matrix with complex entries. We label the entries as q Au , A running over 1, 2 and u running over 1, . . . m. Note that this parametrization ensures that L satisfies
From this parameterization, the coset vielbein E, the U(2) connection θ and the U(N + 1) connection ∆ are given by
The metric on the quaternionic manifold M is given by
We have written down the expansion in powers of q as it will be useful for us later, in taking the m p → ∞ limit. The HyperKähler 2-form K x and the SU(2) triplet 1-forms are given by
where σ x refers to Pauli spin matrices. We denote the vielbein 1-form as U Aai , where we have split the Sp(2N + 2) indices as ai with a = 1, 2 and i = 1, . . . N + 1. The components of the vielbein 1-form are defined by
We now write down the Killing vectors corresponding to the isometries of the manifold M. For every element g ∈ u(2, N + 1), the Lie algebra of U(2, N + 1), the following action is an isometry
where g ∈ u(2, N + 1). w g ∈ u(2) ⊕ u(m) is the right-compensator, which depends on g and is needed to keep δL in the form of (4.3). g and w g are parametrized by
with a and b anti-hermitian matrices. Expanding (4.9) out we get δq = aq + br 2 − qc − qŵ 2 = aq + r 1 b − qc +ŵ 1 q, (4.11)
To leading order the solutions forŵ 's in terms of g is is given bŷ
Using all this killing vectors to the leading order in q for a given g is given by
13)
where we have used the subscripts to denote the entry of g. Therefore Killing vector for the group element g is given by k g = k a + k c + k b . From the Killing vectors is easy to compute the moment map, which is defined by the equation
From the fact that the curvature of the SU(2) connection is proportional to the HyperKähler structures, we can solve the above equation by the ansätz
For later convenience we write down the leading contribution to the moment maps from a, b and c of the isometry g.
We now give the two commuting matrices, which belong to the Lie algebra u(2, N + 1), which are the generators of R 2 . We will gauge along this isometries to break supersymmetry. These Killing directions function as the two translation isometries of the minimal hypermultiplet manifold SO(4, 1)/SO(4) that we used in the previous section to break supersymmetry.
(−e + 2iξ)
Here the parameters ξ, e, m are real, and it is easy to see that these isometries commute. Both of them contain a non zero b component, thus they generate translations also, these isometries are used to break supersymmetry. The remaining isometries, which ensure that the hypermultiplets surviving the supersymmetry breaking in the rigid limit are gauged with respect to the U(N) gauge fields, are given by
We provide the various scalings necessary in order to obtain N = 1 supersymmetry in the rigid limit. The scalings of the vector multiplet manifold are given by
The gaugings in (4.17) are scaled as follows
The gravity multiplet and the vector multiplet scale as in (2.21) and (2.22) respectively The hypermultiplet fields scale as
where we denote by ζ the hyperinos, partners of the q's. The supersymmetry variation with these scalings are given by
It is clear that we can still choose the vacuum values for the vector multiplet moduli to be given similar to (3.4) .
Substituting these values in the first equation of (4.22) we see that variation δλ Ai = 0.
To see the reduction of supersymmetry down to N = 1, we consider the last second equation of (4.22), after substituting the values of the moment maps, we see that the only contribution comes from P x a , the others being suppressed by 1/m p . The variation is given by
Therefore we see now that this vacuum has one unbroken supersymmetry.
We expand the theory around this vacuum and write down the structure of the resulting N = 1 theory. The leading terms in the scalar potential, which survive in the rigid limit is given by.
25)
Note that the first hypermultiplet, q A1 , is massless, and it does not contribute to the scalar potential. Thus it plays the same role as the modulus b 0 in the discussion of the previous section. We now expand this potential around the minima (4.23), adopting the same form for the expansion of the gauge function as in (3.11)
Substituting these expansions in the scalar potential (4.25) we obtain
27)
Here we have split the N = 2 hypermultiplets into two N = 1 chiral multiplets Using the fact that we have N = 1 symmetry and the information from the full scalar potential, we can write down the action for the spontaneously broken theory in a manifestly N = 1 invariant way, i.e. in superspace. For a theory with a polynomial superpotential for z we choose the following prepotential
The prepotential in (4.28) satisfies the condition that at z a , one has the required vacuum values as in (4.23). We can also consider adding a term independent of z m in the above superpotential, but we will restrict ourselves the the form in (4.28). 
Note that a, b run over 1, 
Chiral ring relations from N = 2
In this section we derive the chiral ring relations from the solutions of the Bianchi identities of N = 2 supergravity. We look for the appropriate solutions of the Bianchi identities from [11] and expand them around the vacuum which partially breaks supersymmetry, retaining the relevant N = 2 gravity backgrounds. Our discussion will be focused on the case of N = 2 gravity coupled to U(N) vector multiplets along with the minimal hypermultiplet responsible for partial breaking of supersymmetry, this was the case discussed in section section 3. We will briefly indicate the derivation of the chiral ring relations for matter in the fundamental representation.
Before we go into the details, we will first indicate the strategy followed in deriving the chiral the ring relations. Consider a N = 2 chiral superfield
here the symbols (M 1 , M 2 , . . .) refer to the either internal symmetries or to bosonic and spinorial indices in superspace. We obtain relations in the chiral ring of N = 1 supersymmetry by considering the followingD exact quantitȳ
Here the 1 in superscript of the covariant derivative refers to the unbroken N = 1 supersymmetry. To write down the above equality we have used the fact that the superfield V is chiral, thus the commutator of the covariant derivatives in (5.1) can be set to zero in the N = 1 chiral ring. From the definition of covariant derivatives in superspace we have the following
Thus the above combination of torsions, curvatures acting on a chiral superfield vanishes in the chiral ring, providing the relation we are looking for. To make our job simpler we will actually look at the commutator of covariant derivatives acting on the bottom component of a N = 1 superfield and then promote the identity we obtain to a N = 1 superfield relation. To evaluate the torsion and the curvatures involved in identities like (5.2) we appeal to the solutions of the Bianchi identities found in [11] . Consider the following Bianchi identity
here V M is a superfield valued form in N = 2 superspace, ∇ is the covariant derivative. Given a set of vielbein's in N = 2 superspace we can expand the covariant
For example the θ = 0 components of the supervielbein in N = 2 superspace can be
N is a two form valued in superspace. Expanding the left hand side in flat indices we get
Note that in the last equality in the above equation one has the torsion piece and the commutator of the covariant derivatives. We can obtain the commutator relevant to We will now show how this procedure works in detail. Consider the following Bianchi identity obtained in [11] 
where z i is thought of as zero form in N = 2 superspace. Expanding the left hand side in terms of flat space derivatives we obtain
The 
From the equation
we see that the second term of (5.7) drops out, as the covariant derivative of z i does not have any component in the anti-chiral directions. The component of the torsion relevant for us is
Now we look for the components which contribute from the curvature on the right hand side of (5.5), again the component relevant for us is
Equating the coefficients with one anti-chiral spinor index and a spatial index of (5.5) and (5.6), we obtain
To extract the commutator in (5.1) we need to consider the the anti-chiral spinor index to be that which corresponds to the unbroken N = 1. From the breaking pattern discussed in section 3, this supersymmetry corresponds to B = 1. Substituting the fields, including the N = 2 gravity backgrounds and the scalings involved in obtaining the rigid limit, we obtain
As we have seen from the calculation of the mass of the fermions in the spontaneously broken theory in (3.10), the gauginos of the N = 1 theory correspond to λ i1 which we denote by λ i . Thus the above equation reduces, after a conjugation and some gamma matrix manipulation to
or in matrix notation to
where There are two methods to obtain the second chiral ring relation. We will present the quick method here to have an understanding of the structure of the second ring relation and then present the detailed method using the Bianchi identities. Thinking of the relation in (5.14) as a relation in N = 2 superspace, we can obtain the second ring relation by performing a supersymmetry transformation with the broken supersymmetry generators, that is generators with the 2 index. Thus the second ring relation is given by
where Dδ in is the expectation value of the D-term that we have turned on due to gauging from the hypermultiplet 5 . We will see that in the detailed analysis D = 2Λ 2 m and ψ αβγ is the N = 1 gravitino field strength background. To obtain (5.15) from (5.13) we we have used the following supersymmetry transformations
Let us now see in detail how the second ring relation comes about using Bianchi identities. Consider the Bianchi identity which involves ∇ 2 acting on λ
Again following the similar procedure of expanding the left hand side of the above equation in flat space indices and looking for the components with one anti-chiral spinorial index and one spatial index, we obtain the following equation
Here we have substituted for all the fields and their scalings involved, except W iAC .
Now consider the component with B = 1 and A = 2. After some gamma matrix manipulation and using the on shell conditions on the gravitino background we obtain the following chiral ring relation.
In the above equation we have substituted the value of W iAC at the N = 1 vacuum, we will show subsequently how fluctuations around this vacuum value areD exact terms. The gravitino field strength iρ ab 1 has been replaced by ψ ab 6 .
It is important to note that the for the component i = n, the U(1) part the right hand side of (5.19) vanishes and we are left with the relation
This is in contrast with the proposal of [4] and [5] , there it was assumed that the presence of the graviphoton renders the gaugino non-Grassmanian, thus according to this proposal there would be a contribution from the the Abelian part on the right hand side of (5.19). We see here that within the framework of N = 1 theories obtained from spontaneously broken N = 2 theories, the presence of the graviphoton in the chiral ring relations is a consequence of Bianchi identities and traditional supergravity tensor calculus. As a result there is no drastic change in the Grassmann nature of the gaugino superfield or of the superspace coordinates.
As the two chiral ring relations in (5.13) and (5.19) are written in terms of bottom components of N = 1 superfields, we can promote these equations to an equation in N = 1 superspace. Thus the chiral ring relations are given by
Here we have used the fact that the bottom component of G αβγ is given by ψ αβγ /4 [24] . We have also rescaled the graviphoton with F αβ = mΛ 
Here the auxiliary D is an N = 1 superfield whose bottom component gets an expectation value at the vacuum. The reality constraint on the N = 2 superfield is given by
Acting by (D 1 ) 2 on both sides of the equation we obtain But D 2 Q 1 cannot contain any chiral components since Q 2 is in the anti-fundamental representation, while D 2 Q 1 must be in the fundamental representation. Therefore, from this analysis we see that the only contribution to the commutator in (5.1) is from the curvature term and that is because of the gauge index on Q 1 . Thus the chiral ring relations for the hypermultiplets are given by
This completes our analysis of the gravitational deformed chiral rings using the partially broken N = 2 theory.
Generalized Konishi Anomaly equations
In ref. [8] , we had obtained gravitational corrections to the effective superpotential using generalized Konishi anomaly equations. In that derivation we had assumed that the N = 1 gauge function and Kähler functions at the classical level were trivial and only the classical superpotential was an arbitrary single trace polynomial in the chiral field. Furthermore the chiral ring relation that was used, although similar to eqs.(5.21), was not exactly the same. Specifically the ring relations used there were
So while the second ring relation is the same as in eq.(5.21), the first one differs.
Note that the right hand side of the first equation (5.21), scales as 1/Λ 2 . Therefore in the limit of the supersymmetry breaking scale Λ → ∞, the ring relations derived here reduce to the ones of ref. [8] . Moreover, in this limit, the gauge function (3.17) and Kähler metric become field independent and therefore in this limit we reproduce the situation considered in ref. [8] .
In this section we will analyze the modifications in the anomaly equations when Λ is finite and show that there are Λ-dependent corrections. We will also see that the consistency of the anomaly equations in the presence of graviphoton field strength crucially requires the N = 2 relation between the superpotential and the gauge function, namely that they come from the prepotential.
Since W α and Φ do not commute in the chiral ring (5.21), at first sight it appears that the derivation of generalized Konishi anomaly equations become very difficult as now the ordering of Φ with respect to W α inside traces cannot be ignored. However by a field redefinition ring relations of (5.21) can be transformed into eq.(6.2). Indeed from the second ring relation we can obtain the following relation
Using this fact it is easy to see that by a field redefinition
the first ring relation of eq (5.21) goes over to that of eq.(6.2). By substituting the above field redefinition in the action we can read off the gauge function and the superpotential in terms of the redefined chiral field Φ. In Appendix B, it is shown that the superpotential remains unchanged while the gauge function becomes Φ independent constant moduloD-terms, and all the Λ dependence drops out. As this point is important we will demonstrate this cancellation for the first Λ dependent term here. This Λ dependent term arises from the cubic term of the prepotential in (3.14) . We see from (3.17) the contribution of the cubic term to the kinetic term for the gauginos is
Now performing the shift of (6.4) in the superpotential on the termm with
where the last term is the gravitational contribution to the anomaly. Now consider a transformation
The corresponding generalized Konishi anomaly vanishes (modulo D-terms). Indeed by using the anomaly (6.7) and the chiral ring relation (6.2) we find that the anomaly is proportional to:
where we have used the fact that in the chiral ring G 2 and (F. Under this transformation the change in classical superpotential vanishes:
Here and in the following prime denotes derivative with respect to Φ. If there is a non-trivial gauge function Trτ (Φ)W 2 in the action, then the corresponding change
where we have used the fact that (6.14) and the fact that G 2 and (G. 
Conclusions
In this paper we have discussed the N = 1 effective field theory arising in the rigid limit of a partially broken N = 2 supergravity coupled to vector-and hypermultiplets, in the presence of a non-trivial background graviphoton F αβ and gravitational superfield G αβγ . We have shown that the effective field theory one obtains is the one discussed in [1] and subsequent literature. Moreover, we have also derived the chiral ring relations in the presence of the above backgrounds. We have shown that they are precisely those used in the literature [4, 5, 24, 8] to connect the generalized gravitational superpotentials of the SYM theory to the coefficients of the topological expansion in the corresponding matrix model integral. We should stress however that in our approach the chiral ring is a consequence of the Bianchi identities of the underlying N = 2 theory and therefore no drastic change in the Grassmann nature of the gaugino superfield or of the superspace coordinates is postulated.
Another important result of our analysis, supporting the N = 2 interpretation, is that, in the presence of F αβ , consistency of the loop equations requires that a non trivial gauge function, in principle arbitrary for an N = 1 SYM theory, should in fact be related to the superpotential precisely in the way given by N = 2 supersymmetry.
A point which deserves better understanding is whether our effective field theory can be derived from the effective action of wrapped D5-branes. Whereas the relation of fluxes to gauging seems to be well understood on the closed string side of the closed/open string duality, on the D5-branes side this is not completely clear.
We recall that the crucial ingredient for this partial breaking is the gauging of two translational symmetries in the hypermultiplet space; with the two U(1) gauge fields being the graviphoton and another gauge field that decouple completely in the rigid limit. Here we indicate possible mechanisms for this gauging on the D-brane side.
The obvious candidate for the latter is the center of mass U(1) of the D-brane system.
The hypermultiplets that can naturally play a role in this problem are the universal one (associated to the dilaton) and the one associated with the (1,1) form dual to the 2-cycle which is wrapped by the D-5 brane. Consider the Chern-Simons term on the D-brane world-volume
where F is the world-volume gauge field strength and C 4 is the RR 4-form potential. 
here by ∞ we mean the boundary on the complex plane at infinity. The first term in the above equation is finite, infact dF 3 is localized at the position of the brane.
However one needs to put a cut off to give a meaning to the second term. Thus it is not clear if the theory on D5-brane wrapped on a 2 cycle of a non-compact
Calabi-Yau provides a realization of the spontaneously broken theory considered in this paper. It will be interesting to study this issue further.
Here we have split the Sp(2m) indices as ai with a = 1, 2 and i = 1, . . . m. The explicit form for the vielbein are
The vielbein defined this way satisfy the following required conditions for the hyperKähler manifold
B. Λ independence of the gauge kinetic term
In this appendix we show that after the field redefinition (6.4) the Λ dependence of the gauge kinetic terms drops out moduloD terms for the N = 1 theory obtained from partially broken N = 2. We will need the following identities in the chiral ring which are obtained by simple algebraic manipulations from the basic ring relations
To simplify the first ring relation in (5.21) we perform the following field redefinition
The redefined Φ now commutes with W α , but we have to perform the same shift in the action of the spontaneously broken theory. As we have seen in section 3. after breaking N = 2 symmetry to N = 1 we following obtain the superpotential
Apart from the trivial Λ dependent term in the gauge kinetic function this theory also has a non trivial gauge function obtained from the prepotential
7 For a proof of these identities see [8] .
A convenient way of writing the gauge function of the N = 1 theory is i d 2θ F ′ (Ψ) and substituting Ψ = Φ +θW α +θ 2 D in the prepotential and extracting out the coefficient of W 2 8 . Roughly this is given by the second derivative of the prepotential (B.4). However as Φ and W α don't commute with each other we have to be careful of the orderings in higher powers of Ψ. Our aim now is to make the redefinition of (B.2)
in both the gauge function and the superpotential and simplify the resulting higher powers of W 2 using the ring relations of (B.1). We claim that after the redefinition to the chiral multiplet which commutes with W α the Λ dependence of the gauge kinetic term drops out.
As a first test we look at the terms which are of the type Tr(ΦW 2 ). There are two contributions, one from the superpotential which is given bymαg 1 Tr(ΦW 2 ), the contribution from the gauge function is given by −i given by p(p + 1). This is argued as follows; from the remaining 2(p + 1) Φ we need to take two W α and the remaining 2p W 2 . In doing so we must have odd number of W 2 in between the positions of the two W α . To count the number of ways we can have odd number of W 2 between the two W α , let n denote the position of the second W α . Clearly n = 3, ..., 2p + 2. Then the position of the first W α must be n − 2k for some integer k so that the number of W 2 in the middle is 2k − 1. Clearly
] where the square bracket means the integer part of the argument. The number of possible values of k therefore is (n − 1)/2 for odd n and (n − 2)/2 for even n. Writing n = 2m + 1 for odd n and 2m + 2 for even n we see that the range of m in either case is from 1 to p and the number of possible k is m. Thus the total number of such terms is 2 p m=1 m = p(p + 1). All these terms, by using the cyclicity of the trace and by moving even powers of W 2 across W α can be brought to the form where the factor 3 in the front appears due the three possible arrangements of W 2 and the two single W α 's. Substituting the value of α we find that the two contributions (B.12) and (B.13) exactly cancel.
To conclude, we have shown here that after the field redefinition of Φ, so that the new field commutes with W α , all the non-trivial Φ-dependent (and hence Λ-dependent) part of the gauge function cancels and we are left with just the Φ and Λ independent gauge function. This was the situation considered in [8] .
